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A REPRESENTATION FORMULA FOR THE SOLUTIONS 
OF THlE SECOND ORDER LINEAR DIFFEFENTUL EQUATION 

E ,  J. Pell icciaro,  University of Delaware 

L e t  p and q be continuous functions on a bounded 

closed in t e rva l  I containing xo. It: is the  purpose of 

t h i s  paper t o  give a simple existence and uniqueness proof 

for the i n i t i a l  value problem 

and yd a r b i t r a r y  numbers. A product of the proof i s  a yo 
representation formula for the solut ion of (1). 

representation formula is  indeed a solut ion under the hypo- 

thes i s  s t a t e d  can be ve r i f i ed  by d i r e c t  s ,ubsti tution i n t o  (I). 

That the 

A function @ on I is a solut=ion of (1) only i f  fit 
-and  fiH e x i s t  on I and 

From t h i s  then, 

so tha t ,  s ince  (b i s  continuous on I, 
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Thus, upon s e t t i n g  

and Egl (x )  - l / E ( x ) ,  one has 

which impl i e s  
X 

X 
Plw El Yo + YJJ E ( t ) d t  + f E(t)E-'(s)q(s)@(s)dsdt 

0 xo xo 
(3) 

for x E I. Conversely now, suppose @ i s  continuous on 1 

with (3) holding f o r  x E I. Then it follows from (3) t h a t  

@ '  e x i s t s  and i n  f a c t  t ha t  6' is  given on I by (2) .  

Whence , from (2) , OH e x i s t s  and, by s imple  inspection, 

ON - p a c  -t qfl; moreover, from (3 ) ,  pl(xo) - yo, and from 

(2), o'(x,) = yge Thus, 6 is  a solut ion of (l), completing 

the proof of the following. 

- 

Theorem - 1. A continuous function on I i s  a solut ion 

of (1) i f  and only i f  (3) holds f o r  x E 1. 

Thus the problem of solving (I) is  equivalently replaced 

by the problem of finding a function continuous on I f o r  

which (3) holds f o r  x E I. The form of (3 ) ,  an in t eg ra l  

equation, is  considerably simplified with the introduction of 

the operator S defined f o r  continuous functions E on 1 by 

t 
Sf(x) Ix E(t)E-'(s)q(s)f(s)dsdt, x E I. 

xo xo 



Indeed, (3) is a spec ia l  case of D(x) f(x) + S@(x), x E X, 
or equivalently , 

where f i s  r e s t r i c t e d  t o  the set of continuous functions on 

I. The operator S,  and therefore the corresponding i n t e g r a l  

i n  (3 ) ,  plays  a s ingular ly  important r o l e  i n  generating a 

function fl sa t i s fy ing  (4) ,, hence in' solving (1) 

Note t h a t  Sf is  a continuous function on I i f  f is, 

i n  which case so is  SSf. With t h i s  i n  mind, operators Sn, ' 

i t e r a n t s  of S, are defined inductively fo r  continuous 

functions f on' X i n  the  following way. Set . 

SOf - f ,  S1f - Sf, 
and then 

Snf = Ssna1f,  n - I, 2, ... * 

Pert inent  properties of 

three lemmas. As ' t he i r  proofs are straightforward, they are 

omitted. 

Sn are given below i n  the form of 

Lemma .I 1. .Sn is  a l i n e a r  operator. That is, i f  

fl, .. . , fk  are continuous functions on I, then 
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Lemma I 2 L e t  f be continuous on I, hence bounded on 

I by s a y  M e  Then Snf is continuous on I; moreover, 

there  exists K such t h a t  ISnf(x)l I( MKn/n! f o r  n 0 ,  L, 
Z , . * .  and x 6 1. 

Lemma - 3. If f is  continuous on I, then the series 
00 1 snf converges uniformly t o  a continuous function on I, 

n=O 

Having disposed of the preliminaries, the main theorem 

concerning (4) follows 

Theorem - 2. L e t  E be continuous on I. Then there  

exists one and only one continuous function p) on I such 

t h a t  fl = f + Sp); indeed, 
OQ 

p) y S n f * l ,  
& 

n=O 

- Proof Define 

and then 

n 

k=O 
pzn - 1S.f. 
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But the sequence [fin] i s  the sequence of partial  8ums 

defining the series f S n f ,  which by lemma 3 converges 
n=O 

uniformly t o  a continuous function ' j8 on X, That 

fS"f  
n=O 

satisfies (4) follows from 

f 4- sfi - , f  f ' S  p f  
,n=O 

- f + p S * l f  
L 
n-0 

I 

= SOf + f S " f  = Ib, 
n=l 

the  second equal i ty  holding because of the uniform convergence 

on I of ESnf. To show t h a t  i t  is the  only such continuous 

function, suppose <there are two, say fi and Y. Then 

I b - Y = S ( f b  Y) ' 

But t h i s  implies  by induction tha t  

fi - 1 - sn(@ - lo, A 1, 2 , " 0 0  
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This i n  turn impl i e s  by lemma 2 that:, for some M and K ,  

Hence, for x E 1, 

implying 0 = Y. 

Corollary, A function 0 is a solution of (1) if and 

only i f  

A pair of l inearly independent solutions of (1) obtained 

from (5) i s  the pair 
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It is not a t  a l l  d i f f i c u l t  t o  compute 0’ d i r e c t l y  from 

(5), formally o r  by reference t o  convergence theorems, t o  

obtain (2) and ,then to  conclude as i n  the las t  par t  of the  

proof of theorem l t h a t  

(1) by d i r e c t  ve r i f i ca t ion ,  

0 as given by (5) is  a ‘solution of 

This paper w a s  presented t o  the North Carolina Academy 

of Science a t  i t s  65th annual meeting a t  the  University of 

North Carolina a t  Greensboro, North Carolina, May 10 and 3.1, 

1968. Realization of the r e s u l t s  reported w a s  made possible 

by the support of NASA Grant 08-001-016. 


